We study the Seshadri constants on geometrically ruled surfaces. The unstable case is completely solved. Moreover, we give some bounds for the stable case. We apply these results to compute the Seshadri constant of the rational and elliptic ruled surfaces. Both cases are completely determined. The elliptic case provides an interesting picture of how particular is the behavior of the Seshadri constants.
However, the most interesting cases appear when the ruled surface corresponds to a stable (or semi-stable) vector bundle. A useful nice fact will be that the Seshadri exceptional curves are preserved by elementary transformations. We will give bounds for the Seshadri constants on the stable (or semi-stable) ruled surfaces (see Theorem 4.16 ). Moreover, we will give explicit values of the Seshadri constants for particular semi-stable ruled surfaces. As an example of the interest of the Seshadri constants on these cases, we will prove the following theorem: Theorem 1.1 Given a real number δ > 0 and a smooth curve X of genus > 0, there is a stable ruled surface S, an ample divisor A on S and a point x ∈ S such that √ A 2 − δ < ǫ(A, x) < √ A 2 .
The last section of the article is dedicated to compute the Seshadri constants on the elliptic ruled surfaces. We will give explicitly the Seshadri constants of any ample divisor at any point of an arbitrary elliptic ruled surface. In particular, we show that they are always rational. The unstable cases will be computed with the general theory. The stable cases will be solved by using involutions of the elliptic ruled surfaces. They will allow us construct divisors with high multiplicity.
The results provide a very nice picture of how particular is the behavior of the Seshadri constants. For example, if S −1 is the indecomposable elliptic ruled surface with invariant e = −1, we obtain: Theorem 1.2 Let A ≡ aX 0 + bf be an ample divisor on S −1 . Let x ∈ S −1 . Note that, for any k > 1, the set T k is an effective divisor and T = k>1 T k is a countable union of such divisors (see Section 6) . If x ∈ S −1 /T (x is a very general point) then the Seshadri constants do not depend on x. However, at points in the curves T k they have a special behavior. This justifies that most of the general results about Seshadri constants on surfaces are given for very general points.
If x ∈ T k with k > 1 and (a)
a 2(b+
If x ∈ T and (a)
We refer to [5] and [8] for a systematic development of the projective theory of ruled surfaces and to [3] for the main properties of the Seshadri constants on surfaces.
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Preliminaries on Seshadri constants.
Let S be a smooth surface. We will denote by N ef (S) the cone of nef IR-divisors on S and by N E(S) the convex cone generated by reduced and irreducible curves on S.
Let f :S −→ S be the the blowing up of S at x ∈ S and E the exceptional divisor. Let A be a nef divisor on S. We define de Seshadri constant of A at x as:
ǫ(A, x) = sup{ǫ ∈ IR| f * A − ǫE is nef }.
Equivalently:
A well known general bound for the Seshadri constant is:
Furthermore, when the constant does not reach this upper bound there is a curve C such that ǫ(A, x) = A·C multx(C) (see [3] and [12] ). This curve verifies:
Definition 2.1 An irreducible curve C passing through x with multiplicity m ≥ 1 and C 2 < m 2 is called a Seshadri exceptional curve based at x.
Given a Seshadri exceptional curve Cbased at x, we can define the continuous function (see [11] ):
.
With this notation: 
is called the influence area of C and it will be denoted by Q C .
If C is a nef Seshadri exceptional curve based at x, it is clear that C ∈ Q C . In fact, C is the unique Seshadri exceptional curve based at x in Q C :
Since D are C are different curves this is impossible.
Corollary 2.4 If C is a nef Seshadri exceptional curve based at at
It is clear that if we want to compute the Seshadri constant of any nef divisor at a point x we must know all the Seshadri exceptional curves based at x and their influence areas. In particular, with this information we can know when irrational Seshadri constants can appear: Lemma 2.5 Let S be a smooth surface with Picard number ρ(S) > 1 and let x ∈ S. The Seshadri constant at x is rational for all nef divisors if and only if N ef (S) = {Q C | C is Seshadri exceptional based at x}.
Proof: If the equality holds, then for any nef divisor A there is a Seshadri exceptional curve C based at x such that q C (A, x) ≤ √ A 2 , so ǫ(A, x) is rational. On the other hand, if the equaility does not hold, then there is an open U set in N ef (X), such that ǫ(A, x) = √ A 2 for any A ∈ U . If ρ(S) > 1 we can construct a divisor A ∈ U with √ A 2 irrational.
4 Seshadri constants on ruled surfaces. 4 .1 Seshadri exceptional curves on ruled surfaces.
In this section we study the existence of Seshadri exceptional curves on a ruled surface S with invariant e. It is clear that the fibres f are Seshadri exceptional curves at any point. Moreover, we can compute their influence area. If A ≡ aX 0 + bf is a nef divisor then,
By Lemma 2.3, this gives a first restriction for the rank where we can hope to find Seshadri exceptional curves. From this, we obtain some results:
The fibres are Seshadri exceptional curves based at any point x ∈ S. Moreover, their influence area is: 
Proof: By the previous Corollary we know that b − Proof: By the Lemma 4.1 and the Lemma 4.3, Q f ∪ Q C = N ef (S) = N E(S). Now the conclusion follows from Lemma 2.3. Now, we give a bound for the multiplicity of an irreducible curve at any point. We will use that an a-secant curve on S, defines a a : 1 map between C and the base curve X.
Lemma 4.5 Let C ≡ aX 0 +bf an irreducible curve on S with a ≥ 2. Let x ∈ C and m = mult x (C). Then:
or equivalently
Proof: LetC be the normalization of C. Since C meets each generator at a points, we have and induced map γ :C −→ X of degree a. By the Hurwitz formula:
where g and g(C) are respectively the genus of X andC, and R is the (effective) ramification divisor. Moreover,
where p a (C) is the arithmetic genus of C. From this:
On the other hand, by the adjunction formula, we have 2p a (C)−2 = C·(K S +C). Combining this fact with the inequality above:
The canonical divisor of the ruled surface is K S ≡ −2X 0 + (2g − 2 − e)f , so
On the other hand, since C 2 > 0, the curve C is not a fibre, and by the Corollary 4.3 it is not an unisecant curve. Thus we can apply the previous theorem. We obtain:
Since m is an integer number, m = [ √ C 2 ] + 1 and √ C 2 is irrational.
Remark 4.7
The same result is also true for an arbitrary surface when x is a very general point. In [13] it is proved that the bound m(m − 1) < C 2 holds when x is a very general point.
Seshadri exceptional curves and elementary transfor-
mations.
An interesting property of Seshadri exceptional curves on ruled surfaces is that they are conserved by elementary transformations. We will denote by S ′ the elementary transformation of S at x ∈ S (see [5] for details). There is a point x ′ ∈ S ′ such that S is the elementary transform of S ′ at x ′ . Given a divisor C on S, C ′ will be denote its strict transform on S ′ . Let e ′ be the invariant of S ′ and Y 0 its minimum self intersection curve.
Lemma 4.8 Let C ≡ aX 0 + bf be a curve passing through x. If a > 0 then
Proof: Suppose that C passes through x with multiplicity m.
Applying the properties of the elementary transformation (see [5] ), it is clear that a ′ = a and:
Proposition 4.9 Let C = f be an irreducible curve passing through x ∈ S and C ′ its strict transform. Then C is a Seshadri exceptional curve based at x if and only if
Proof: By the previous Lemma:
This implies the equivalence between the Seshadri exceptional nature of C and C ′ .
From this result if we know the Seshadri exceptional curves at a point x ∈ S, we also know the Seshadri exceptional curves at x ′ ∈ S ′ . Let us see the relation between the influence areas of two of such curves C and C ′ . A straightforward calculation shows:
Corollary 4.11 Let C be a Seshadri exceptional curve based at x. If
Finally, by using elementary transformations we obtain a new bound on the multiplicity of a curve, which will be useful in some cases: Lemma 4.12 Let S be a geometrically ruled surface and C ≡ aX 0 + bf with a > 1 an irreducible curve passing through x with multiplicity m. Then
Proof: Let S ′ be the elementary transformation of S at x. We saw that:
Moreover if a > 1, C ′ has non negative self-intersection. Thus:
4.3 Seshadri constants on ruled surfaces with invariant e > 0. Proof: Let x ∈ X be an arbitrary point. Suppose that C ≡ aX 0 + bf is an irreducible curve passing through x and different from X 0 and f . By the Lemma 3.1, we know that a > 0 and b > ae. Applying the Corollary 4.2 we deduce that C is not a Seshadri exceptional curve.
Theorem 4.14 Let S be a geometrically ruled surface with invariant e > 0. Let A ≡ aX 0 + bf be a nef linear system on S. Then:
Proof: It is a direct consequence of the previous Lemma. Note, that from the lemmas 4.1 and 3.1, we know that the influence area of f fills the nef cone of S. -when e = 1 and b = a, at points x ∈ X 0 .
-when A ≡ bf , at any point x ∈ S.
4.4 Seshadri constants on ruled surfaces with invariant e ≤ 0.
In this section we will work with a geometrically ruled surface S over a smooth curve X with invariant e ≤ 0. It corresponds to a stable (or semi-stable) vector bundle of rank 2. We have the following general bound for the Seshadri constants:
Theorem 4.16 Let S be a ruled surface with invariant e ≤ 0. Let A ≡ aX 0 +bf be a nef divisor on S. Let x be a point of S.
If e = 0 and x lies on a curve numerically equivalent to
2. In other case:
Proof: Because f is a Seshadri exceptional curve based at x,
If e = 0 and x lies in a curve C ≡ X 0 , by the Corollary 4.3 the unique Seshadri exceptional curves based at x are C and f . Moreover,
If e < 0, by the Lemma 4.4, we know that there are not unisecant Seshadri exceptional curves. Let D ≡ kX 0 + lf be an irreducible curve passing through x with multiplicity m. We will apply the bound m ≤ 
2 a, we obtain:
and then ǫ(A, x) ≥ a.
Corollary 4.17 Let S be the geometrically ruled surface X × P 1 , where X is a smooth curve. Let A ≡ aX 0 + bf be a nef divisor on S. Then for any point
Proof: When S = X × P 1 there is a curve X × {t} ∼ X 0 passing through any point. Thus, the result is a direct consequence of the previous Theorem. Note that when we have a linear system A ≡ aX 0 + bf with 1 2 a near to b − 1 2 ae, the lower bound obtained in the Theorem 4.16 is near to the upper bound. In particular, if we take a = 2n and b = ne + n − 1, then the bounds are:
In fact, we can construct ruled surfaces and linear systems where the Seshadri constant does not reach the upper bound, but it is as close as we wish.
Theorem 4.19
Given a real number δ > 0 and a smooth curve X of genus > 0, there is a stable ruled surface S, an ample divisor A on S and a point
Proof: Consider the ruled surface S 0 = P(O X ⊕O X (e)) where e ∈ P ic 0 (X) is a strict n-torsion point. Then there is a smooth curve C ≡ nX 0 . This curve does not intersect X 0 and X 1 . It is a Seshadri exceptional curve, because C 2 = 0 < 1. Let y ∈ C. If we make the elementary transformation of S o at y, we obtain a ruled surface S with invariant e = −1. The strict transform of C is a Seshadri exceptional curve C ′ with a point x of multiplicity n − 1. Moreover,
Thus C is an ample divisor on S verifying:
and:
When e = 0 we saw that the existence of curves C ≡ X 0 allows us to compute the Seshadri constants over their points. In general, the existence of curves C with C 2 = 0 will give us valuable information to compute the constants. they are Seshadri exceptional curves at anyone of their points. By the Proposition 3.2 these curves can only appear on the linear systems: -|X 0 |, when e = 0.
-|nX 0 + 
If
2 n 2 a ≤ b − 1 2 ae ≤ 1 2 a then 1 n a + 2(1 − 1 n )(b − 1 2 ae) ≤ ǫ(A, x) ≤ √ A 2 = 2a(b − 1 2 ae).
2 a the result follows from the Theorem 4.16. In other case, we have:
This bound is smaller than the general bound √ A 2 when b − 
Applying the bound k ≥ 2m − 2(l − 
This bound is smaller than the given by C when a ≤ (n 2 − 2n + 2)(b − 1 2 ae). In particular, this result allow us to compute the Seshadri constants at points in smooth 2-secant curves. Let A ≡ aX 0 + bf be a nef divisor on S. It holds:
5 Seshadri constants on rational ruled surfaces.
Let S be a rational ruled surface. It is well known that S is decomposable. In particular, S = S e = P(O P 1 ⊕ O P 1 (−e)). Applying the Theorem 4.14 and the Corollary 4.17 we can compute the Seshadri constants over any rational ruled surface:
Theorem 5.1 Let e ≥ 0 and let S e = P(O P 1 ⊕ O P 1 (−e)) be a rational ruled surface. Let A ≡ aX 0 + bf be a nef divisor on S e . It holds:
2. When e > 0:
6 Seshadri constants on elliptic ruled surfaces.
Let X be a elliptic smooth curve. The classification of the geometrically ruled surfaces over X is well known (see [1] , [6] or [8] ). There are the following possibilites:
1. Decomposable elliptic ruled surfaces P(O X ⊕ O X (e)) with invariant e ≥ 0.
For each e there is a one dimension family of such curves parameterized by e ∈ P ic e (X). They will be denoted by S e .
2. The indecomposable elliptic ruled surface with invariant e = 0 and e = 0.
It will be denoted by S 0 .
3. The indecomposable elliptic ruled surface with invariant e = −1. It will be denoted by S −1 .
When S e is a decomposable elliptic ruled surface with invariant e > 0 or e = 0, then the Theorem 4.14 and the Corollary 4.17 give the Seshadri constant of any nef divisor at any point. The interesting cases are S e with e = 0 and e ∼ 0, S 0 and S 1 .
Let us remember some well known basic facts about these surfaces:
S e has two unisecant disjoint curves X 0 and X 1 with self intersection zero. If e ∈ P ic 0 (X) is a strict k-torsion point, then there is a smooth irreducible curve B k ∼ kX 0 passing through any point x ∈ X 0 ∪ X 1 . On the contrary, if e ∈ P ic 0 (X) is a non-torsion point, then there are not irreducible curves B k ∼ kX 0 for k > 1.
S 0 has a unique unisecant curve X 0 with self intersection zero. Moreover, there are not irreducible curves B k ∼ kX 0 for k > 1.
The surface S −1 has a specially interesting geometry. This surface can be described as a quotient of X × X (see [6] for details):
Let S ′ be the elementary transformation of S −1 at [P, Q]. From the properties of the elementary transform and the description of S −1 given at [6] , we have -If P = Q then S ′ is the indecomposable elliptic ruled surface with invariant e = 0.
′ is the decomposable ruled surface P(O X ⊕ O X (P − Q)).
Definition 6.1 We define the (possibly reducible) curves on S:
Remark 6.2 In fact, it is esay to check that the reducible components of T k ,
are the quotient of curves {(z, z + a) ∈ X × X| z ∈ X} where a is a strict ktorsion point. When k = 2, they correspond to the three well known 2-secant irreducible curves on S with self intersection 0 (see [6] ). When k > 2, they are numerically equivalent to 4X 0 + 2f .
With this notation we have the following theorem (see [5] and [6] ): Theorem 6.3 Let S −1 be the elliptic ruled surface with invariant e = 1. Let S ′ be the elementary transform of S at x ∈ S. Then:
1. If x ∈ T 1 then S ′ is the indecomposable elliptic ruled surface S 0 with invariant e = 0.
If
, where e ∈ P ic 0 (X) is a strict k-torsion point.
, where e ∈ P ic 0 (X) is a non-torsion point.
We will use the following method to compute the Seshadri constants on these elliptic ruled surfaces. By using a suitable involution we will construct divisors on S e and S 0 with high multiplicity at the fixed points by the involution. We will study the irreducible components of these divisors. They will be the Seshadri exceptional curves of S e and S 0 . Finally, using elementary transformations we will extend the results to the elliptic ruled surface S −1 .
Construction of divisors with high multiplicity.
If we fix a group structure on X we can consider the symmetric involution:
It is clear that induces an involution on S −1 :
If x ∈ S −1 is a fixed point by the involution, then there is an induced involution (−1) : S ′ −→ S ′ on the elementary transform S ′ . Note that the curve {[z, −z] ∈ S −1 , P ∈ X} is a curve of fixed points. It corresponds to a fixed generator f 0 of S −1 . By Theorem 6.3 if we choose a suitable point of f 0 , we have an involution for any elliptic ruled surface with invariant e = 0 1 .
1 In [9] it appears a study of the automorphisms of the elliptic ruled surfaces. However, the automorphism of S e induced by the symmetric involution on the base curve X has been forgotten. It is proven that an automorphism σ ∈ Aut(X) lifts to P (E) if and only if σ * E ∼ = E ⊗ L with L ∈ P ic(X). When E = O X ⊕ O X (e) with e ∈ P ic 0 (X) the possibility σ = (−1) X and L = O X (−e) is not considered.
First, we consider the ruled surface π : S e = P(O X ⊕ O X (e)) −→ X with e ∈ P ic 0 (X), e ∼ 0. Let us study the involution (−1) : S e −→ S e . It is clear that:
Thus there are four invariant generators on S −e . Let P f be one of them. The involution (−1) restricted to P f has to fixed points not in X 0 ∪ X 1 . Let x 0 be one of these fixed points. Let |L| be a linear system invariant by the involution. Then |L| can be decomposed in two eigenspaces of invariant divisors:
The divisors of |L| + (respectively |L| − ) will be called even (respectively odd) divisors.
Consider the linear system |aX 0 +aX 1 +P f |. It is invariant by the involution. We know that (see [5] ):
In particular, we can give the following system of divisors spanning |L|:
where P n is a point of X verifying aX 0 + aX 1 + P f ∼ nX 0 + (2a − n)X 1 + P n f .
Note that for any n < a, the pencils
are invariant by the involution. However they are not fixed by the involution. Thus, they contain an even divisor and an odd divisor. Finally, the divisor aX 0 + aX 1 + P f is an odd divisor. We deduce that:
Now, we can use this decomposition to get a divisor with high multiplicity at x 0 :
) be a elliptic decomposable ruled surface, with e ∈ P ic 0 (X), e ∼ 0. There is a divisor C n ≡ 2n(n + 1)X 0 + f on S e such that mult x0 (C n ) ≥ 2n + 1.
Proof: We consider the linear subsystem |n(n + 1)X 0 + n(n + 1)X 1 + P f | − . The number of conditions for a odd divisor to have a point of multiplicity 2n + 1 at x is: 2 + 4 + . . . + 2n = n(n + 1).
But, we saw that h 0 (O S e (n(n + 1)X 0 + n(n + 1)X 1 + P f )) − = n(n + 1) + 1.
Corollary 6.5 Let S e = P(O X ⊕ O X (e)) be a elliptic decomposable ruled surface, with e ∈ P ic 0 (X), e ∼ 0. Let x be a point of S e verifying x ∈ X 0 ∪ X 1 . There is a divisor C n ≡ 2n(n + 1)X 0 + f on S e such that mult x (C n ) ≥ 2n + 1.
Proof: By propositions 3.2 and 5.1 in [9] , we know that there is an automorphism σ of S e such that σ(x 0 ) = x. This construction can be easily extended to the indecomposable elliptic ruled surface S 0 . We can study the involution (−1) :
Remark 6.6 These divisors verify
Let P f be one of the four invariant generators. There are two fixed points in P f . One of them is X 0 ∩ P f and the other one is x 0 ∈ X 0 . Moreover, we have invariant linear system |2n(n + 1)X 0 + P f | . We could study the dimension of the subspaces of even and odd divisors. However, we can give an alternative argument:
Note, that the ruled surfaces S e are obtained from S −1 applying elementary transformation at points x ∈ T 1 . When x ∈ T 1 , the elementary transform of S −1 specializes to S 0 . The two disjoint curves X 0 , X 1 ⊂ S e degenerate to the curve X 0 ⊂ S 0 . In this way, the family of divisors C n ⊂ S e will provide a divisor C n ≡ 2n(n + 1)X 0 + f ⊂ S 0 of multiplicity ≥ 2n + 1 at a point x 0 ∈ X 0 . Since, there is an automorphism σ x of S 0 moving x 0 to any other point x ∈ X 0 (see [9] ) we deduce:
Proposition 6.7 Let S 0 be an elliptic indecomposable ruled surface with invariant e = 0. Let x be a point of S e verifying x ∈ X 0 . There is a divisor C n ≡ 2n(n + 1)X 0 + f on S e such that mult x (C n ) ≥ 2n + 1.
Remark 6.8 Note, that the divisors C n ⊂ S 0 with high multiplicity at x 0 are on the linear systems |2n(n + 1)X 0 + P f |. Any linear system |aX 0 + (bP )f | with b = 0, 1 has a base point at P f ∪ X 0 (see [6] ). Thus all of the irreducible components of C n passes through P f ∩ X 0 . This will be useful to prove their irreducibility.
6.2 Seshadri constants on S e = P(O X ⊕ O X (e)) with e ∈ P ic 0 (X) a non-torsion point.
We will work on the elliptic ruled surface S e = P(O X ⊕O X (e)) with e ∈ P ic 0 (X) a non-torsion point. In this case, we will see that the divisors C n constructed before are irreducible and with multiplicity 2n + 1 at points x ∈ X 0 ∪ X 1 . From this, we will give all Seshadri exceptional curves at any point of S e . Note, that because e is a non-torsion potin, there are not irreducible curves B ≡ kX 0 for any k > 1.
Proposition 6.9 If x ∈ S e is a point not in X 0 ∪X 1 then there is an irreducible curve C n ≡ 2n(n+1)X 0 +f passing through x ∈ X 0 ∪X 1 with multiplicity 2n+1.
Proof: By the Proposition 6.5 we know that there is an effective divisor C n ≡ 2n(n + 1)X 0 + f passing through x with multiplicity at least 2n + 1. We can suppose that C n is an odd divisor invariant by the involution (−1). Thus it can be decomposed into irreducible components in the following way: C n = a n (X 0 + X 1 ) + b n f + D n , where D n is an irreducible curve.
If C contains a fibre f , then D n ≡ (n(n+1)−a n )(X 0 +X 1 ), and mult x (D n ) ≥ 2n. But this is not possible because there are not irreducible curves B ≡ kX 0 with k > 1. We deduce that b n = 0, D n ≡ d n X 0 + f with d n ≤ 2n(n + 1) even and mult x (D n ) ≥ 2n + 1. Moreover, applying the bound for the multiplicity obtained in the Lemma 4.5, we see that mult x (D n ) = 2n + 1. Now, we will prove that D n = C n . We will procced by induction.
The multiplicity of D 1 at x is 3. By Lemma 4.5 we know that:
Suppose that D n−1 = C n−1 . Since mult x (D n ) > mult x (C n−1 ), we know that D n = C n−1 . Then:
Because d n is even we conclude that D n = C n .
With this notation, the fibre f corresponds to the curve C 0 . Thus we have a family {C n } of Seshadri exceptional curves based at x ∈ X 0 ∪X 1 . If we compute their influence area we obtain: Lemma 6.10
From this we deduce that they are the unique Seshadri exceptional curves based at x ∈ X 0 ∪ X 1 . The Seshadri exceptional curves at points of X 0 and X 1 are well known from the general results (see Corollary 4.4).
Theorem 6.11 Let S = P(O X ⊕ O X (e)) be a decomposable ruled surface over a smooth elliptic curve X with invariant e = 0 and e ∈ P ic 0 (X) a non-torsion point. Let X be a point of S.
1. If x ∈ X i , i = 1, 2, the unique Seshadri exceptional curves based at x are {f, with mult x (f ) = 1}. {X i with mult x (X i ) = 1}.
2. If x ∈ X 0 ∪ X 1 , the unique Seshadri exceptional curves based at x are {f, with mult x (f ) = 1}. {C n ≡ 2n(n + 1)X 0 + f, with mult x (C n ) = 2n + 1} n≥1 . Now, we are in a position to give the Seshadri constant of any ample divisor at any point of S e . Theorem 6.12 Let S e = P(O X ⊕ O X (e)) be a decomposable ruled surface over a smooth elliptic curve X with invariant e = 0 and e ∈ P ic 0 (X) a non-torsion point. Let A ≡ aX 0 + bf be an ample divisor on S. Let x ∈ S. Then:
6.3 Seshadri constants on S = P(O X ⊕ O X (e)) with e ∈ P ic 0 (X) a strict k-torsion point.
We will work on the elliptic ruled surface S e = P(O X ⊕ O X (e)) with e ∈ P ic 0 (X) a strict k-torsion point. The main different with the previous case is the existence of irreducible smooth curves B k ∼ kX 0 passing through any point x ∈ X 0 ∪ X 1 . Proposition 6.13 If x ∈ S 0 is a point not in X 0 and If n < k 2 then there is an irreducible curve C n ≡ 2n(n + 1)X 0 + f passing through x with multiplicity 2n + 1.
Proof: We can apply the arguments of the Proposition 6.9 if we prove that B k is not a reducible component of C n . When n = 1 it is clear that B k and f are not reducible components of C 1 ≡ 4X 0 + f . It is sufficient to use that mult x (C 1 ) ≥ 3. Thus C 1 is irreducible and by the Lemma 4.5 the multiplicity is exactly 3.
Suppose that the theorem holds for C n−1 . If C n−1 is a reducible component of C n , then mult x (C n − C n−1 ) ≥ 2n + 1 − (2n − 1) = 2. From this 2B k must be a reducible component of C n − C n−1 . Then 2n(n + 1) − 2(n − 1)n ≥ 2k, so k ≤ 2n. This contradicts the hypothesis.
If B k is a reducible component of C n then C n − B k is an effective divisor passing through x with multiplicity ≥ 2n. Thus:
But this contradicts the hypothesis again. Now, we compute the influence area of B k .
Lemma 6.14
The influence area of the curves C n was computed at the Lemma 6.10. Thus, we know the set of Seshadri exceptional curves based at any point of S e and we can compute the Seshadri constants.
Note that when k is odd and n = k−1 2 , the influence are of B k and C n intersect. In this case we can check that if
Theorem 6.15 Let S = P(O X ⊕ O X (e)) be a decomposable ruled surface over a smooth elliptic curve X with invariant e = 0 and e ∈ P ic 0 (X) a k-torsion point. Let x be a point of S.
2. If x ∈ X 0 ∪ X 1 , the unique Seshadri exceptional curves based at x are {f, with mult x (f ) = 1}.
Theorem 6.16 Let S = P(O X ⊕ O X (e)) be a decomposable ruled surface over a smooth elliptic curve X with invariant e = 0 and e ∈ P ic 0 (X) a k-torsion point. Let A ≡ aX 0 + bf be an ample divisor on S. Let x ∈ S. Then:
6.4 Seshadri constants on the indecomposable elliptic ruled surface S 0 with invariant e = 0.
We will work on the elliptic indecomposable ruled surface S 0 with invariant e = 0. This case is similar to the decomposable ruled surface S e where e ∈ P ic 0 (X) is a non-torsion point. The divisors C n ≡ 2n(n + 1)X 0 + f passing through x ∈ X 0 are irreducible and have multiplicity 2n + 1 at x.
To check this, we can apply most of the arguments of the proof of the Proposition 6.9. The difference is that d n could be odd. However, we know that the curves D n has a common point at X 0 ∩ P f for any n ≥ 1 (see Remark 6.8). Thus the condition:
in the proof of the Proposition 6.9, can be changed to:
From this, we obtain d n ≥ 2n(n + 1) and then C n = D n . Proposition 6.17 If x ∈ S 0 is a point not in X 0 then there is an irreducible curve C n ≡ 2n(n + 1)X 0 + f passing through x ∈ X 0 with multiplicity 2n + 1. Now, if we replace the curve X 1 by X 0 , the results that we saw for S e with e generic are valid in this case. We obtain: Theorem 6.18 Let S 0 be the indecomposable ruled surface over a smooth elliptic curve X with invariant e = 0. Let A ≡ aX 0 + bf be an ample divisor on S. Let x ∈ S 0 . Then:
1. If x ∈ X 0 then ǫ(A, x) = min{q f (A, x), q X0 (A, x)} = min{a, b}.
2. If x ∈ X 0 then ǫ(A, x) = q Cn (A, x) = 2n(n + 1)b + a 2n + 1 , with n = a 2b .
6.5 Seshadri constants on the elliptic ruled surface with invariant e = −1.
Let S −1 be the indecomposable ruled surface with invariant e = −1. Let x be a point of S −1 . If we make the elementary transformation of S −1 at x ∈ S −1 , we obtain a ruled surface S ′ with invariant e = 0. The Theorem 6.3 describes with precision this ruled surface S ′ depending on the position of the point x.
We have computed al the Seshadri exceptional curves of the elliptic ruled surfaces with invariant e = 0. Applying the results of the Section 4.2 we know that their strict transforms will be the Seshadri exceptional curves based at x. In particular, we have: From the Corollary 4.11 and the Lemmas 6.10 and 6.14, we obtain the influence areas of these exceptional Seshadri curves: 
